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REMARKS ON THE GEODESIC-EINSTEIN METRICS OF A RELATIVE
AMPLE LINE BUNDLE
XUEYUAN WAN, WITH AN APPENDIX BY XU WANG
Abstract. Let pi : X → M be a holomorphic fibration over a compact complex manifold M
with compact fibers, L be a relative ample line bundle over X . In this paper, we prove that
the pair (X , L) is nonlinear semistable if the Donaldson type functional L(·, ψ) is bounded
from below and the long time existence of the flow (0.1). For the case of trωc(φ) ≥ 0, we give
a sufficient condition degω pi∗(L + KX/M ) = 0 for the existence of geodesic-Einstein metric.
We also introduce the definitions of S-class and C-class inspired by the Segre class and Chern
class, and find two inequalities in terms of S-forms and C-forms if there exists a geodesic-
Einstein metric. If L is ample, the positivity of S-forms is proved. If moreover, the line bundle
L admits a geodesic-Einstein metric and dimM = 2, the second C-class C2(L) is proved to be
numerical positive. We also prove the equivalence between the geodesic-Einstein metrics on a
relative ample line bundle and the Hermitian-Einstein metrics on a quasi-vector bundle A0,0.
Lastly, we discuss some examples on geodesic-Einstein metrics.
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Introduction
Let E be a holomorphic vector bundle over a compact Ka¨hler manifold (M,ω). A Hermitian
metric h on E is called a Hermitian-Einstein metric if ΛωFh = λId for some constant λ. Here
Fh = ∂¯(∂h · h−1) ∈ A1,1(M,End(E)) denotes the Chern curvature of the Hermitian metric
h. The famous Donaldson-Uhlenbeck-Yau Theorem reveals the deep relationship between the
stability of a holomorphic vector bundle and the existence of Hermitian-Einstein metrics (see
1
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[13, 14, 15, 27, 35]). On the other hand, for any holomorphic vector bundle E, there is a
canonical projective bundle pair (P (E),OP (E)(1)) associated with it. A geodesic-Einstein
metric φ on OP (E)(1) is a metric satisfying the geodesic-Einstein equation trωc(φ) = λX ,OP (E)(1)
(see Definition 1.2). In this case, a geodesic-Einstein metric is same as a Finsler-Einstein metric
by the natural one-to-one correspondence between a Finsler metric on E and a metric on the
tautological line bundle OP (E)(−1) (see e.g. [24, page 82]). Combining with [19, Theorem
0.3], it shows that the existence of geodesic-Einstein metrics is equivalent to the existence of
Hermitian-Einstein metrics, which is also equivalent to polystability of the holomorphic vector
bundle by the Donaldson-Uhlenbeck-Yau Theorem. In the sense of this, we may identify a
Hermitian-Einstein vector bundle E with a projective bundle pair (P (E),OP (E)(1)) of which
admits a geodesic-Einstein metric.
Now we consider a general holomorphic fibration (or complex analytic family) π : X → M
over a compact complex manifold M with compact fibers, which we mean that π : X →
M is a proper surjective holomorphic mapping between complex manifolds X and M whose
differential has maximal rank everywhere such that every fiber is a compact complex manifold
(see [23, Definition 2.8]), L is a relative ample line bundle over X . One can also define a
geodesic-Einstein metric φ by trωc(φ) = λX ,L for φ ∈ F+(L). Here F+(L) denotes the space
of all smooth metrics φ such that
√−1∂∂¯φ|π−1(y) > 0 for any y ∈ M . From the above
discussions, one sees that the pair (X , L) with a geodesic-Einstein metric on L is a natural
generalization of Hermitian-Einstein vector bundles. It is well-known that there are many
interesting results on the Hermitian-Einstein vector bundles. For example, the Kobyashi-
Lu¨bke inequality [24, Theorem 4.4.7], the equivalence of the approximate Hermitian-Einstein
structure and semistability [22, 25], the long times existence of Hermitian-Yang-Mills flow [14,
Proposition 20], and so on. Thus, it is natural to ask whether these similar results hold for a
general pair (X , L) with admitting a geodesic-Einstein metric on L. This is also the motivation
for the authors to study this topic around the geodesic-Einstein metrics.
Inspired by the Hermitian-Yang-Mills flow [2, 14], for any initial metric φ0 ∈ F+(L), we
consider the following flow: 
∂φ
∂t = trωc(φ)− λ;
φ ∈ F+(L);
φ(0) = φ0.
(0.1)
If the pair (X , L) is exactly a projective bundle pair (P (E),OP (E)(1)), then the flow (0.1) is
reduced to the Hermitian-Yang-Mills flow (see Remark 2.4). We also prove the uniqueness of
the solutions of (0.1) and some estimates are obtained (see Proposition 2.2 and Proposition
2.3). More precisely,
Proposition 0.1 (=Proposition 2.2, 2.3). (1) If φ(t) and ψ(t) are the two solutions of the
flow (0.1), then φ(t) = ψ(t).
(2) There exists a constant C > 0 such that
|trωc(φ)| < C and |φ(t)− φ0| ≤ Ct.
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For any fixed metric ψ ∈ F+(L) on L and any φ ∈ F+(L), one can define a Donaldson type
functional
L(φ,ψ) =
∫
M
(
λ
m
E(φ,ψ) ∧ ω − 1
n+ 1
E1(φ,ψ)
)
ωm−1
(m− 1)! ,(0.2)
where λ is the constant given by (1.4), m = dimM . Here E(φ,ψ) and E1(φ,ψ) are defined by
(2.1) and (2.2). By a direct calculation, the critical points of L(·, ψ) is exactly the geodesic-
Einstein metrics. If we assume that the flow (0.1) has a smooth solution φ(t) for 0 ≤ t < +∞.
Then we have the following proposition.
Proposition 0.2 (=Proposition 2.6). Suppose that the flow (0.1) has a smooth solution φt =
φ(t) for 0 ≤ t < +∞, then
(1) The Donaldson type functional is a monotone decreasing function of t; in fact,
d
dt
L(φ(t), φ0) = −
∫
X
(trωc(φt)− λ)2(
√−1∂∂¯φt)n ∧ ω
m
m!
≤ 0.
(2) maxX (trωc(φ) − λ)2 is a monotone decreasing function of t;
(3) If L(φ(t), φ0) is bounded below, i.e., L(φ(t), φ0) ≥ A > −∞ for 0 ≤ t < +∞, then
max
M
∫
X/M
(trωc(φt)− λ)2(
√−1∂∂¯φt)n → 0
as t→ +∞.
Now we recall the definition of nonlinear semistable of a pair (X , L). A fibration Y →M−S,
with S a closed subvariety in M of codimS ≥ 2, is called a sub-fibration of the holomorphic
fibration X → M if for any p ∈ M − S, the fiber Yp is a closed complex submanifold of the
fiber Xp. Let F be the set of sub-fibrations of the holomorphic fibration X → M . For any
Y ∈ F, we set
λY ,L =
2πm
dimY/M + 1
([ω]m−1c1(L)dimY/M+1)[Y]
([ω]mc1(L)dimY/M )[Y]
.
Note that λY ,L is well-defined and independent of the metrics on L by Stokes’ theorem and
codimS ≥ 2. Similar to the semistability of a holomorphic vector bundle, a pair (X , L) is called
nonlinear semistable if λY ,L ≥ λX ,L for any sub-fibration Y ∈ F (see Definition 2.5).
We also call that L admits an approximate geodesic-Einstein structure if for any given ǫ > 0,
there exists an metric φǫ on L such that
max
M
∣∣∣∣∣
∫
X/M
(trωc(φǫ)− λ)2(
√−1∂∂¯φǫ)n
∣∣∣∣∣
1
2
< ǫ.
By Proposition 0.2, we get the following Theorem.
Theorem 0.3 (=Theorem 2.8). Suppose that the flow (2.5) has a smooth solution for 0 ≤ t <
+∞, then we have implications (1)⇒ (2)⇒ (3) for the following statements:
(1) the functional L is bounded from below;
(2) L admits an approximate geodesic-Einstein structure;
(3) the pair (X , L) is nonlinear semistable.
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Next, we consider the case of trωc(φ) ≥ 0. By Berndtsson’s curvature formula of direct
image bundle (see Theorem 1.3), we obtain
Theorem 0.4 (=Theorem 3.1). If there exists a metric φ ∈ F+(L) such that trωc(φ) ≥ 0,
then degω π∗(L+KX/M ) = 0 if and only if λX ,L = 0 and the canonical lifting of any vector is
holomorphic. In particular, φ is a geodesic-Einstein metric on L.
We aslo introduce the S-classes and C-classes, which is inspired by the definitions of Segre
classes and Chern classes. More precisely, for a general pair (X , L), π : X →M , we define the
total S-class and the S-classes of L by
S(L) =
m∑
i=0
Si(L), Si(L) = π∗((c1(L))n+i) ∈ H2i(M,Z), 0 ≤ i ≤ m,
and the total C-class and the C-classes are defined by
C(L) =
1
S(L)
, C(L) =
m∑
i=0
Ci(L), Ci(L) ∈ H2i(M,Q).
By the Grothendieck-Riemann-Roch Theorem, we have
lim
k→+∞
(n+ 1)!
kn+1
c1(π∗(Lk +KX/M )) = S1(L),(0.3)
(see Proposition 4.1). We also study the inequalities in terms of C-forms and S-forms if there
exists a geodesic-Einstein metric.
Theorem 0.5 (=Theorem 4.2, 4.3). (1) If φ is a geodesic-Einstein metric on L, i.e., trωc(φ) =
λX ,L, then
S2(L, φ) ∧ ωm−2 ≤ (n + 1)(n + 2)
8π2m2
λ2X ,LS0(L)ω
m,
the equality holds if and only if c(φ) =
λX ,L
m ω. In particular,∫
M
S2(L) ∧ [ω]m−2 ≤ (n+ 1)(n + 2)
8π2m2
λ2X ,LS0(L)
∫
M
[ω]m.
(2) If φ is a geodesic-Einstein metric on L, then
(nC1(L, φ)
2 − 2(n + 1)C0(L)C2(L, φ)) ∧ ωm−2 ≤ 0,
the equality holds if and only if c(φ) = 2π(n+1)S0(L)S1(L, φ). In particular,∫
M
(nC1(L)
2 − 2(n+ 1)C0(L)C2(L)) ∧ [ω]m−2 ≤ 0.
A smooth (p, p)-form Φ on a complex manifold M is positive if for any y ∈ M and any
linearly independent (1, 0)-type tangent vectors v1, v2, · · · , vp at y, it holds that
(−√−1)p2Φ(v1, v2, · · · , vp, v¯1, v¯2, · · · , v¯p) > 0.
Proposition 0.6 (=Proposition 4.5). If
√−1∂∂¯φ > 0, then the k-th S-form Sk(L, φ) is a
positive (k, k)-form for any 0 ≤ k ≤ m. In particular, the class Sk(L) can be represented by a
positive (k, k)-form if L is ample.
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If moreover, L admits a geodesic-Einstein metric and dimM = 2, then we get the following
numerical positivity.
Corollary 0.7 (=Corollary 4.6). Let M be a compact complex surface and L be an ample line
bundle over X , π : X →M . If moreover, L admits a geodesic-Einstein metric, then∫
M
C2(L) > 0.
We also consider the Hermitian-Einstein metrics on a quasi-vector bundle. Let π : X → B be
a proper holomorphic submersion from a complex manifold X to another complex manifold B
(need not compact), each fiber Xt := π
−1(t) is an n-dimensional compact complex manifold; E
a holomorphic vector bundle over X , Et := E|Xt ; ω a d-closed (1, 1)-form on X and is positive
on each fiber, ωt := ω|Xt ; hE is a smooth Hermitian metric on E, hEt := hE |Et . For each
t ∈ B, let us denote by Ap,q(Et) the space of smooth Et-valued (p, q)-forms on Xt. Denote
Ap,q := {Ap,q(Et)}t∈B ,
and let (A,Γ) denote the corresponding quasi-vector bundle (see Section 6). There is a natural
Chern connection DA on each Ap,q with respect the standard L2-metric. The L2-metric on
Ap,q is called Hermitian-Einstein with respect to a Hermitian metric ωB =
√−1gij¯dti ∧ dt¯j if
ΛωB (D
A)2 = λId(0.4)
for some constant λ (see Defnition 6.3). Now we consider the case p = q = 0 and E is the
trivial bundle. Let L be a relative ample line bundle over X , i.e. there exists a metric φ on
L such that its curvature ω :=
√−1∂∂¯φ is positive along each fiber. The L2-metric on A0,0 is
given by
(u, v) =
∫
Xt
uv¯
ωn
n!
.(0.5)
We call a metric φ on L is weak geodesic-Einstein with respect to ωB if trωBc(φ) = π
∗f(z) for
some function f(z) on B.
Proposition 0.8 (=Proposition 6.4, Corollary 6.5). φ is a weak geodesic-Einstein metric on
L if and only if the L2-metric (0.5) is a Hermitian-Einstein metric on A0,0. In particular, if
B is compact, then up to a smooth function on B, φ is a geodesic-Einstein metric on L if and
only if the L2-metric (0.5) is a Hermitian-Einstein metric on A0,0.
This article is organized as follows. In Section 1, we recall some basic definitions and facts
on geodesic-Einstein metrics of a relative ample line bundle over a holomorphic fibration, and
also recall Berndtsson’s curvature formula of direct image bundles. In Section 2, we will define
the flow (0.1) and the Donaldson type functional (0.2), Proposition 0.1, 0.2 and Theorem 0.3
will be proved in this section. In Section 3, by using Berndtsson’s curvature formula of direct
image bundle, we will prove Theorem 0.4. In Section 4, we will give the definitions of S-class
and C-class and prove (0.3), Theorem 0.5, Proposition 0.6 and Corollary 0.7. In Section 5,
we will discuss some examples around geodesic-Einstein metrics. In Section 6, we will give
the equivalence between the geodesic-Einstein metric on a relative ample line bundle and the
Hermitian-Einstein metric on a quasi-vector bundle, and prove Proposition 0.8.
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1. Preliminaries
In this section, we will recall some basic definitions and facts on geodesic-Einstein metrics of
a relative ample line bundle over holomorphic fibration, and also recall Berndtsson’s curvature
formula of direct image bundles. For more details one may refer to [3, 4, 5, 19, 37].
Let π : X → M be a holomorphic fibration over a compact complex manifold M with
compact fibers. We denote by (z; v) = (z1, · · · , zm; v1, · · · , vn) a local admissible holomorphic
coordinate system of X with π(z; v) = z, where m = dimCM , n = dimCX − dimCM .
For any smooth function φ on X , we denote
φα :=
∂φ
∂zα
, φβ¯ :=
∂φ
∂z¯β
, φi :=
∂φ
∂vi
, φj¯ :=
∂φ
∂v¯j
,
where 1 ≤ i, j ≤ n, 1 ≤ α, β ≤ m.
For any holomorphic line bundle L over X , we denote by F+(L) the space of smooth metrics
φ on L with
(
√−1∂∂¯φ)|Xy > 0
for any point y ∈ M . Now we assume that L is a relative ample line bundle, i.e. F+(L) 6= ∅.
For any φ ∈ F+(L), set
δ
δzα
:=
∂
∂zα
−Nkα
∂
∂vk
,(1.1)
where Nkα = φαj¯φ
j¯k. By a routine computation, one can show that { δδzα }1≤α≤m spans a
well-defined horizontal subbundle of TX (see [19, Section 1]).
Let {dzα; δvk} denote the dual frame of { δδzα ; ∂∂vi}. Then
δvk = dvk + φkl¯φl¯αdz
α.
Moreover, the differential operators
∂V =
∂
∂vi
⊗ δvi, ∂H = δ
δzα
⊗ dzα.(1.2)
are well-defined.
For any φ ∈ F+(L), the geodesic curvature c(φ) is defined by
c(φ) =
(
φαβ¯ − φαj¯φij¯φiβ¯
)√−1dzα ∧ dz¯β ,
which is a horizontal real (1, 1)-form on X . The following lemma confirms that the geodesic
curvature c(φ) of φ is indeed well-defined.
Lemma 1.1 ([19, Lemma 1.1]). The following decomposition holds,
√−1∂∂¯φ = c(φ) +√−1φij¯δvi ∧ δv¯j .
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Proof. This is a direct computation,
c(φ) +
√−1φij¯δvi ∧ δv¯j =
√−1(φαβ¯ − φαl¯φkl¯φkβ¯)dzα ∧ dz¯β
+
√−1φij¯(dvi + φil¯φl¯αdzα) ∧ (dv¯j + φj¯kφkβ¯dz¯β)
=
√−1(φαβ¯dzα ∧ dz¯β + φαj¯dzα ∧ dv¯j + φiβ¯dvi ∧ dz¯β + φij¯dvi ∧ dv¯j)
=
√−1∂∂¯φ.

From [19, Definition 1.2], the geodesic-Einstein metric is defined as follows.
Definition 1.2. Let ω =
√−1gαβ¯dzα ∧ dz¯β be a (fixed) Ka¨hler metric on M . A metric
φ ∈ F+(L) is called a geodesic-Einstein metric on L with respect to ω if it satisfies that
trωc(φ) := g
αβ¯
(
φαβ¯ − φαj¯φij¯φiβ¯
)
= λ,(1.3)
where λ is a constant. By [19, Proposition 1.3], if M is compact, λ is a topological quantity,
which is given by
λ =
2πm
n+ 1
([ω]m−1c1(L)n+1)[X ]
([ω]mc1(L)n)[X ] .(1.4)
Following Berndtsson (cf. [3, 4, 5]) we consider the direct image bundle E := π∗(L+KX/M ),
and define the following L2-metric on the direct image bundle E := π∗(L+KX/M): for y ∈M ,
Xy = π−1(y), and u ∈ Ey ≡ H0(Xy, (L+KX/M )y),
‖u‖2 :=
∫
Xy
|u|2e−φ.(1.5)
Note that u can be written locally as u = u′dv ∧ e, where e is a local holomorphic frame for
L|X , and so locally
|u|2e−φ := (√−1)n2 |u′|2|e|2dv ∧ dv¯ = (√−1)n2 |u′|2e−φdv ∧ dv¯,
where dv = dv1 ∧ · · · ∧ dvn is the fiber volume. We denote
µα = ∂¯
V (
δ
δzα
) = − ∂
∂v¯l
(
φαj¯φ
j¯i
)
dv¯l ⊗ ∂
∂vi
.
The following theorem was proved by Berndtsson in [5, Theorem 1.2], its proof also can be
seen in [19, Theorem 3.1].
Theorem 1.3 ([5, Theorem 1.2]). For any y ∈M the curvature 〈√−1ΘEu, u〉, u ∈ Ey, of the
Chern connection on E with the L2-metric (1.5) is given by
〈√−1ΘEu, u〉 =
∫
Xy
c(φ)|u|2e−φ + 〈(1 + ∆′)−1iµαu, iµβu〉
√−1dzα ∧ dz¯β .
Here ∆′ = ∇′∇′∗+∇′∗∇ is the Laplacian on L|Xy -valued forms on Xy defined by the (1, 0)-part
of the Chern connection on L|Xy .
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2. A flow and nonlinear semistable
For any fixed metric ψ ∈ F+(L) on L and any φ ∈ F+(L), one can define the following two
functionals E , E1:
E(φ,ψ) = 1
n+ 1
∫
X/M
(φ− ψ)
n∑
k=0
(
√−1∂∂¯φ)k ∧ (√−1∂∂¯ψ)n−k(2.1)
and
E1(φ,ψ) = 1
n+ 2
∫
X/M
(φ− ψ)
n+1∑
k=0
(
√−1∂∂¯φ)k ∧ (√−1∂∂¯ψ)n+1−k.(2.2)
Note that E(φ,ψ) is a smooth function, while E1(φ,ψ) is a smooth real (1, 1)-form on M .
From [19, (1.14)], the Donaldson type functional L on F+(L) is defined by
L(φ,ψ) =
∫
M
(
λ
m
E(φ,ψ) ∧ ω − 1
n+ 1
E1(φ,ψ)
)
ωm−1
(m− 1)! ,(2.3)
where λ is the constant given by (1.4). Let φt be a smooth family of metrics depends on t,
then the first variation of Donaldson type function is given by
d
dt
L(φt, ψ) = −
∫
X
φ˙t(trωc(φt)− λ)(
√−1∂∂¯φt)n ∧ ω
m
m!
,(2.4)
(see [19, (1.15)]). So φ ∈ F+(L) is a geodesic-Einstein metric if and only if it is a critical point
of L(·, ψ) on F+(L) (see [19, Proposition 1.4]).
In order to make ddtL(φt, ψ) ≤ 0, it is natural to consider the following flow
∂φ
∂t = trωc(φ)− λ
φ ∈ F+(L)
φ(0) = φ0
(2.5)
for an initial metric φ0 ∈ F+(L). For the convenience, we also denote φ˙t := ∂φ∂t and φ¨t = ∂
2φ
∂t2
.
2.1. Some properties of the flow. In this subsection, we will study some properties of the
flow (2.5) by using the method of studying Ka¨hler-Ricci flow (see e.g. [10, 34]).
For any smooth function f ∈ C∞(X ), we denote the horizontal and vertical Laplacian by
△ωf := gαβ¯(∂∂¯f)( δ
δzα
,
δ
δz¯β
), △φf := φkl¯ ∂
2f
∂vk∂v¯l
,(2.6)
respectively. The following proposition is a maximum (minimum) principle for degenerate par-
abolic elliptic equations. Its proof is the same as [10, Proposition 3.1.7], for reads’ convenience,
we give a proof here.
Proposition 2.1 ([10, Proposition 3.1.7]). Fix T with 0 < T ≤ ∞. Suppose that f = f(x, t)
is a smooth function on X × [0, T ) satisfying(
∂
∂t
−△ω
)
f ≤ 0 (resp. ≥ 0).(2.7)
Then sup(x,t)∈X×[0,T ) f(x, t) ≤ supx∈X f(x, 0) (resp. inf(x,t)∈X×[0,T ) f(x, t) ≥ infx∈X f(x, 0) ).
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Proof. For any T0 ∈ (0, T ) and any ǫ > 0, set
fǫ = f − ǫt.(2.8)
Suppose that fǫ on M × [0, T0] attains its maximum at (x0, t0) with t0 > 0, by maximum
principal (see also [10, Proposition 3.1.6]), one has at the point (x0, t0)
∂fǫ
∂t
≥ 0, √−1∂∂¯fǫ ≤ 0.(2.9)
It follows that
∆ωfǫ = g
αβ¯(∂∂¯fǫ)(
δ
δzα
,
δ
δz¯β
) ≤ 0(2.10)
at (x0, t0). From (2.9) and (2.10), one has
0 ≤
(
∂
∂t
−△ω
)
fǫ(x0, t0) ≤ −ǫ,(2.11)
which is a contradiction. Hence the maximum of fǫ is achieved at t0 = 0 and
sup
(x,t)∈M×[0,T0]
f(x, t) ≤ sup
(x,t)∈M×[0,T0]
fǫ(x, t) + ǫT0 ≤ sup
x∈M
f(x, 0) + ǫT0.(2.12)
Let ǫ→ 0 and T0 is arbitrary, one has sup(x,t)∈X×[0,T ) f(x, t) ≤ supx∈X f(x, 0). By replacing f
by −f , one can also prove inf(x,t)∈X×[0,T ) f(x, t) ≥ infx∈X f(x, 0) if
(
∂
∂t −△ω
)
f ≥ 0. 
By above proposition, we can prove the uniqueness of the solutions of the flow (2.5).
Proposition 2.2. If φ(t) and ψ(t) are the two solutions of the flow (2.5), then φ(t) = ψ(t).
Proof. We assume that Tmax is the maximum existence time and let τ < Tmax. Let φ(t) and
ψ(t) be the two solutions with the same initial metric φ0. Then
(φ− ψ)′t = trωc(φ)− trωc(ψ), (φ− ψ)(0) = 0.
We assume that on X × [0, τ ], the maximum of φ−ψ− ǫt is taken at (x, t) in X × [0, τ ], t > 0.
Then
0 ≤ (φ− ψ − ǫt)′t = trωc(φ) − trωc(ψ) − ǫ(2.13)
and −√−1∂∂¯(φ − ψ − ǫt) = −√−1∂∂¯(φ − ψ) is semi-positive (1, 1)-form at the point (x, t).
Denote by
δφ
δzα (resp.
δψ
δzα ) the horizontal lifts with respect to φ (resp. ψ), which are given by
(1.1). Then at the point (x, t), one has
trωc(ψ) = g
αβ¯(∂∂¯ψ)(
δψ
δzα
,
δψ
δz¯β
)
≥ gαβ¯(∂∂¯φ)( δψ
δzα
,
δψ
δz¯β
)
= gαβ¯(∂∂¯φ)
(
(
δψ
δzα
− δφ
δzα
) +
δφ
δzα
, (
δψ
δz¯β
− δφ
δz¯β
) +
δφ
δz¯β
)
= trωc(φ) + g
αβ¯(∂∂¯φ)
(
δψ
δzα
− δφ
δzα
,
δψ
δz¯β
− δφ
δz¯β
)
≥ trωc(φ),
(2.14)
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where the fourth equality holds by Lemma 1.1 and noting that
δψ
δz¯β
− δφ
δz¯β
is a vertical vector,
the last inequality follows from φ ∈ F+(L).
Substituting (2.14) into (2.13) we get a contradiction. So the maximum of φ−ψ−ǫt is taken
at t = 0, i.e.
max
x∈X×[0,τ ]
(φ− ψ − ǫt) = max
x∈X
(φ(0)− ψ(0)) = 0.
Thus
φ− ψ ≤ ǫt ≤ ǫτ.
It follows that
φ ≤ ψ
for any [0, τ ], τ < Tmax. Thus φ ≤ ψ on [0, Tmax). Similarly, we have
ψ ≤ φ.
Therefore, ψ(t) = φ(t). 
Also by Proposition 2.1, we obtain the following estimates.
Proposition 2.3. Along the flow (2.5), one has
|trωc(φ)| < C and |φ(t)− φ0| ≤ Ct(2.15)
for some constant C > 0.
Proof. By Lemma 1.1 and (2.5), one has
(φ˙t + λ)ω
m ∧ (√−1∂∂¯φ)n = trωc(φ)ωm ∧ (
√−1∂∂¯φ)n = m
n+ 1
ωm−1 ∧ (√−1∂∂¯φ)n+1.(2.16)
Taking derivative on t to the both sides of above equation, then
d
dt
(φ˙t + λ)ω
m ∧ (√−1∂∂¯φ)n
= φ¨tω
m ∧ (√−1∂∂¯φ)n + (φ˙t + λ)ωm ∧ (
√−1∂∂¯φ)n−1 ∧ (√−1∂∂¯φ˙t)
= (φ¨t + trωc(φ)△φφ˙t)ωm ∧ (
√−1∂∂¯φ)n
(2.17)
and
m
n+ 1
d
dt
ωm−1 ∧ (√−1∂∂¯φ)n+1
= mωm−1 ∧ (√−1∂∂¯φ)n ∧ (√−1∂∂¯φ˙t)
= mωm−1 ∧ (c(φ) +√−1φij¯δvi ∧ δv¯j)n ∧ (
√−1∂∂¯φ˙t)
= (△ωφ˙t + trωc(φ)△φφ˙t)ωm ∧ (
√−1∂∂¯φ)n.
(2.18)
From (2.17) and (2.18), one has (
∂
∂t
−△ω
)
φ˙t = 0.(2.19)
From Proposition 2.1, one has
|φ˙t| < C1(2.20)
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for some constant C1 > 0. It follows that
|trωc(φ)| = |φ˙t + λ| ≤ |φ˙t|+ |λ| ≤ C1 + |λ| =: C.(2.21)
By (2.20), one has
|φ(t)− φ0| =
∣∣∣∣∫ t
0
φ˙tdt
∣∣∣∣ ≤ ∫ t
0
|φ˙t|dt ≤ C1t ≤ Ct.(2.22)

Remark 2.4. If the total space X is a projective bundle and L is a hyperplane line bundle over
X , then this flow (2.5) has been studied in [36]. More precisely, let E →M be a holomorphic
vector bundle over M , X := P (E) denotes the projective bundle of E, and L = OP (E)(1) the
hyperplane line bundle. Let h be a Hermitian metric on E, then it induces a metric on the line
bundle L = OP (E)(1) by
φi = − log |v
i|2
G
where G =
∑r
i,j=1 hij¯v
iv¯j . So Gij¯ :=
∂2G
∂vi∂v¯j
= hij¯ is independent of the fibers. Suppose that the
initial metric φ0 is induced from a Hermitian metric h0 on E, then the flow (2.5) is equivalent
to
0 =
∂φ
∂t
− trωc(φ) + λ
=
1
G
∂G
∂t
− gαβ¯(φαβ¯ − φkl¯φkβ¯φαl¯) + λ
=
viv¯j
G
(
∂Gij¯
∂t
− gαβ¯((Gij¯)αβ¯ −Gkl¯Gkj¯β¯Gαil¯) + λGij¯
)
.
(2.23)
By the argument of [36, Remark 2.1] or by the uniqueness of solution (Proposition 2.2 and [14,
Corollary 1.4]), (2.23) is reduced to
G−1 · ∂G
∂t
:= Gil¯
∂Gjl¯
∂t
= −gαβ¯F ijαβ¯ + λδij = −ΛF + λI,(2.24)
which is exactly the Hermitian-Yang-Mills flow (cf. [2, 14]), where the cuvature operator F is
defined by
F :=
√−1∂¯(∂G ·G−1) ∈ A1,1(M,End(E)).
So the flow (2.5) is indeed a natural generalization of Hermitian-Yang-Mills flow. By [14,
Proposition 20], the Hermitian-Yang-Mills flow (2.24) has a unique smooth solution for 0 ≤
t < +∞. Immediately, one natural and interesting problem is that whether the flow (2.5) has
a smooth solution for 0 ≤ t < +∞.
2.2. Nonlinear semistable. In this subsection, we will assume that the flow (2.5) has a
smooth solution for 0 ≤ t < +∞ and consider nonlinear semistability of a pair (X , L) (see
Definition 2.7).
Firstly, we recall the definition of nonlinear semistable. A fibration Y → M − S, with S a
closed subvariety in M of codimS ≥ 2, is called a sub-fibration of the holomorphic fibration
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X →M if for any p ∈M −S, the fiber Yp is a closed complex submanifold of the fiber Xp. Let
F be the set of sub-fibrations of the holomorphic fibration X →M . For any Y ∈ F, we set
λY ,L =
2πm
dimY/M + 1
([ω]m−1c1(L)dimY/M+1)[Y]
([ω]mc1(L)dimY/M )[Y]
.(2.25)
Note that λY ,L is well-defined and independent of the metrics on L by the Stoke’s theorem
and codimS ≥ 2. Similar to the semistability of a holomorphic vector bundle, the nonlinear
semistable of a pair (X , L) is given by the following.
Definition 2.5 ([19, Definition 2.1]). A pair (X , L) is called nonlinear semistable if λY ,L ≥ λX ,L
for any sub-fibration Y ∈ F.
Now we assume that the flow (2.5) has a smooth solution for 0 ≤ t < +∞, we obtain
Proposition 2.6. Suppose that the flow (2.5) has a smooth solution φt = φ(t) for 0 ≤ t < +∞,
then
(1) The Donaldson type functional is monotone decreasing function of t; in fact,
d
dt
L(φ(t), φ0) = −
∫
X
(trωc(φt)− λ)2(
√−1∂∂¯φt)n ∧ ω
m
m!
≤ 0.(2.26)
(2) maxX (trωc(φ) − λ)2 is a monotone decreasing function of t;
(3) If L(φ(t), φ0) is bounded below, i.e., L(φ(t), φ0) ≥ A > −∞ for 0 ≤ t < +∞, then
max
M
∫
X/M
(trωc(φt)− λ)2(
√−1∂∂¯φt)n → 0
as t→ +∞.
Proof. (1) Substituting the flow equation (2.5) into the first variation (2.4) of the Donaldson
type functional, one has
d
dt
L(φ(t), φ0) = −
∫
X
φ˙t(trωc(φt)− λ)(
√−1∂∂¯φt)n ∧ ω
m
m!
= −
∫
X
(trωc(φt)− λ)2(
√−1∂∂¯φt)n ∧ ω
m
m!
≤ 0.
(2) By a direct calculation, one has
1
2
(
∂
∂t
−△ω
)
(trωc(φ)− λ)2) = 1
2
(
∂
∂t
−△ω
)
φ˙2t
= φ˙tφ¨tt − 1
2
gαβ¯(∂∂¯φ˙2t )(
δ
δzα
,
δ
δz¯β
)
= φ˙tφ¨tt − φ˙t△ωφ˙t − |∂H φ˙t|2
= φ˙t
(
∂
∂t
−△ω
)
φ˙t − |∂H φ˙t|2
= −|∂H φ˙t|2 ≤ 0,
where the last equality holds by (2.19). By Proposition 2.1, we complete the proof.
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(3) Integrating (2.26) from 0 to s, we obtain
L(φ(s), φ0)− L(φ(0), φ0) = −
∫ s
0
∫
X
(trωc(φt)− λ)2(
√−1∂∂¯φt)n ∧ ω
m
m!
ds
Since the L is bounded below by a constant independent of s, we have∫ ∞
0
∫
X
(trωc(φt)− λ)2(
√−1∂∂¯φt)n ∧ ω
m
m!
ds <∞.
In particular, ∫
X
(trωc(φt)− λ)2(
√−1∂∂¯φt)n ∧ ω
m
m!
→ 0 t→∞.(2.27)
Let H(z, w, t) be the heat kernel for ∂t −△ω when acting on C∞(M). Set
F (z, t) =
(∫
X/M
(trωc(φt)− λ)2(
√−1∂∂¯φt)n
)
(z), (z, t) ∈M × [0,∞).
Fix t0 ∈ [0,∞) and set
u(z, t) =
∫
M
H(z, w, t − t0)F (w, t0)dw, dw = ω
m
m!
.
Then u(z, t) is of class C∞ on M × (t0,∞) and extends to a continuous function on
M × [t0,∞). It satisfies{
(∂t −△ω)u(z, t) = 0 (x, t) ∈M × (t0,∞),
u(z, t0) = F (z, t0) z ∈M.
And we have
∂F (z, t)
∂t
= π∗
(
(
∂
∂t
(trωc(φt)− λ)2 +△φφ˙(trωc(φt)− λ)2)(
√−1∂∂¯φ)n
)
and
△ωF (z, t) = π∗((△ω(trωc(φt)− λ)2 +△φ(trωc(φt)− λ)2trωc(φ))(
√−1∂∂¯φ)n).
By (2.19) and Stoke’s Theorem, one has(
∂
∂t
−△ω
)
F (z, t)
= π∗((−2|∂H φ˙t|2 + (△φφ˙t)φ˙2t − (△φφ˙2t )(φ˙+ λ))(
√−1∂∂¯φ)n)
= π∗((−2|∂H φ˙t|2 − 1
3
△φ(φ˙3t + 3λφ˙t))(
√−1∂∂¯φ)n)
= π∗(−2|∂H φ˙t|2(
√−1∂∂¯φ)n) ≤ 0.
(2.28)
Thus
(∂t −△ω)(F (z, t) − u(z, t)) ≤ 0, (z, t) ∈M × (t0,∞).
By Proposition 2.1, one has
max
z∈M
(F (z, t)− u(z, t)) ≤ max
z∈M
(F (z, t0)− u(z, t0)) = 0, t ≥ t0.
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It follows that
max
z∈M
F (z, t0 + a) ≤ max
z∈M
u(z, t0 + a)
= max
z∈M
∫
M
H(z, w, a)F (w, t0)dw
≤ Ca
∫
M
F (w, t0)dw,
where Ca = maxM×M H(z, w, a). Fix a and let t0 →∞, we conclude
max
z∈M
F (z, t)→ 0 t→∞,
which competes the proof.

Inspired by Proposition 2.6 (3), we give the following definition of approximate geodesic-
Einstein structure, which is similar as the approximate Hermitian-Einstein structure for a
holomorphic vector bundle (see e.g. [24, Section 4.5]).
Definition 2.7. We say that L admits an approximate geodesic-Einstein structure, if for any
given ǫ > 0, there exists an metric φǫ on L such that
max
M
∣∣∣∣∣
∫
X/M
(trωc(φǫ)− λ)2(
√−1∂∂¯φǫ)n
∣∣∣∣∣
1
2
< ǫ.
By Proposition 2.6 (3) and above definition, we obtain the following theorem.
Theorem 2.8. Suppose that the flow (2.5) has a smooth solution for 0 ≤ t < +∞, then we
have implications (1)⇒ (2)⇒ (3) for the following statements:
(1) the functional L is bounded from below;
(2) L admits an approximate geodesic-Einstein structure;
(3) the pair (X , L) is nonlinear semistable.
Proof. By Proposition 2.6 (3) and Definition 2.7, then L admits an approximate geodesic-
Einstein structure. Now we begin to prove that a pair (X , L) is nonlinear semistable if L
admits an approximate geodesic-Einstein structure. In fact,
λY ,L ≥ (trωc(φ)X [ω]
mc1(L)
n′)[Y]
([ω]mc1(L)n
′)[Y]
= λX ,L +
((trωc(φ)X − λX ,L)[ω]mc1(L)n′)[Y]
([ω]mc1(L)n
′)[Y]
≥ λX ,L − ǫ
(c1(L)n
′ [Y/M ])1/2 ,
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where the last inequality holds by∣∣∣∣∣
∫
Y/M
(trωc(φ)X − λX ,L)c1(L)n′
∣∣∣∣∣
≤
∣∣∣∣∣
∫
Y/M
(trωc(φ)X − λX ,L)2c1(L)n′
∣∣∣∣∣
1/2
(c1(L)
n′ [Y/M ])1/2
≤
∣∣∣∣∣
∫
X/M
(trωc(φ)X − λX ,L)2c1(L)n
∣∣∣∣∣
1/2
(c1(L)
n′ [Y/M ])1/2
< ǫ(c1(L)
n′ [Y/M ])1/2.
By taking ǫ→ 0, we have λY ,L ≥ λX ,L, which completes the proof by Definition 2.7. 
Remark 2.9. For the case of holomorphic vector bundle over compact Ka¨hler manifold M ,
Proposition 2.6 and Theorem 2.8 were proved in [24, Proposition 6.9.1, Theorem 6.10.13]. In
particular, if M is projective, then (1), (2), (3) are equivalent (see [24, Theorem 6.10.13]), and
he also conjectured that they should be equivalent in general whether M is algebraic or not.
Later, (3)⇒ (2) was proved in [22, 25] if M is Ka¨hler. For a general pair (X , L), one may ask
that whether (3)⇒ (1) if M is projective, and whether (3)⇒ (2) if M is Ka¨hler.
3. The case of trωc(φ) ≥ 0
In this section, we assume that there exists a metric φ on L such that
trωc(φ) ≥ 0.(3.1)
For any given φ ∈ F+(L) and the natural frame { ∂∂zα , 1 ≤ α ≤ m} of TM , one sees that there
is canonical liftings { δδzα , 1 ≤ α ≤ m}. Thus for any vector X = Xα ∂∂zα |y ∈ TyM at a point
y ∈M , there is a canonical lifting
X˜ = Xα
δ
δzα
,
which is a vector field on Xy = π−1(y). We call the canonical lifting X˜ is holomorphic if
∂¯V X˜ = ∂¯V
(
Xα
δ
δzα
)
= Xα∂¯V
(
δ
δzα
)
= Xα
∂
∂vi
(−φαl¯φl¯k)δvi = 0.(3.2)
For any holomorphic vector bundle E over M , the degree of E is denoted
degω E =
∫
M
c1(E) ∧ [ω]m−1.(3.3)
By Berndtsson’s curvature formula of direct image bundle (see Theorem 1.3), we obtain
Theorem 3.1. If there exists a metric φ ∈ F+(L) such that trωc(φ) ≥ 0, then degω π∗(L +
KX/M ) = 0 if and only if λX ,L = 0 and the canonical lifting of any vector is holomorphic. In
particular, φ is a geodesic-Einstein metric on L.
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Proof. We first prove the last argument. If trωc(φ) ≥ 0, by the definition of λX ,L (see (1.4)),
then
λX ,L =
2πm
n+ 1
([ω]m−1c1(L)n+1)[X ]
([ω]mc1(L)n)[X ] =
∫
X/M trωc(φ)ω
n
F∫
X/M ω
n
F
≥ 0,(3.4)
the equality holds if and only if trωc(φ) = 0. Thus φ is a geodesic-Einstein metric on L if
trωc(φ) ≥ 0 and λX ,L = 0.
Denote E = π∗(L+KX/M ). By Theorem 1.3 and taking trace with respect to ω, one has
〈trωΘEu, u〉 =
∫
Xy
trωc(φ)|u|2e−φ + gαβ¯〈(1 + ∆′)−1i∂¯V ( δ
δzα
)u, i∂¯V ( δ
δzβ
)u〉
√−1dzα ∧ dz¯β.(3.5)
Combining the assumption trωc(φ) ≥ 0 shows that
〈trωΘEu, u〉 ≥ 0.(3.6)
By taking trace to trωΘ
E and using (3.6), one gets
trE(trωΘ
E) ≥ 0.(3.7)
Therefore,
degω E =
∫
M
c1(E) ∧ ωm−1 = 1
m
∫
M
trωc1(E)ω
m
=
1
m
∫
M
trωtrEΘ
Eωm =
1
m
∫
M
trEtrωΘ
Eωm ≥ 0.
(3.8)
Moreover, by (3.4), (3.5) and (3.6), degω E = 0 if and only if trωc(φ) = 0 and ∂¯
V ( δδzα ) = 0,
which is equivalent to
λX ,L =
∫
X/M trωc(φ)ω
n
F∫
X/M ω
n
F
= 0(3.9)
and for any canonical lifting X˜ , one has
∂¯V X˜ = Xα∂¯V
(
δ
δzα
)
= 0,(3.10)
i.e., X˜ is holomorphic. So we complete the proof. 
Remark 3.2. (1) The above theorem is inspired by [4, Theorem 2.4] for the case of semi-
positive line bundle L over a local holomorphic fibration.
(2) Theorem 3.1 gives a sufficient condition for the existence of geodesic-Einstein metric
for the case λX ,L = 0. For a geodesic-Einstein equation trωc(φ) = λX ,L with λX ,L 6= 0,
we can reduce it to the case of trωc(φ) = 0. In fact, for any line bundle L
′ → M with
degω L
′ 6= 0, there exists a Hermitian-Einstein metric φ′ on M (see [24, Proposition
4.1.4 and Proposition 4.2.4] or [33, Chapter 1, (1.4) Remark (i)]), i.e. trωc1(L
′, φ′) =
λ′ 6= 0. Since both λX ,L and λ′ are rational, so there exist integers a > 0, b such that
aλX ,L + bλ′ = 0, thus
trωc(ψ) = aλX ,L + bλ′ = 0.
Here ψ = aφ+ bπ∗φ′ is the weight of the line bundle aL+ bπ∗L′.
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(3) By a direct calculation, a homogenous geodesic-Einstein equation trωc(φ) = 0 is equiv-
alent to
(
√−1∂∂¯φ)n+1 ∧ ωm−1 = 0.(3.11)
Moreover, if one considers the homogenous geodesic curvature equation c(φ) = 0, by
Lemma 1.1, it is equivalent to
(
√−1∂∂¯φ)n+1 = 0.(3.12)
In our next paper, we will try to study the above two equations (3.11) and (3.12).
4. S-class and C-class
In this section, we will define the total S-class S(L) and the total C-class C(L) for a relative
ample line bundle L and discuss some inequalities and positivity.
Let π : E →M be a holomorphic vector bundle of rank r over M , then there is a canonical
pair (P (E),OP (E)(1)). The Segre classes are defined by
si(E) = π∗((c1(OP (E)(1)))r−1+i) ∈ H2i(M,Z), 0 ≤ i ≤ m = dimM.(4.1)
Then the total Segre class is given by
s(E) =
m∑
i=0
si(E).(4.2)
The total Chern class and Chern classes of E can be defined by
c(E) =
1
s(E)
, c(E) =
m∑
i=0
ci(E), ci(E) ∈ H2i(M,Z),(4.3)
(see e.g. [20, Chapter 3] or [8, Section 20]).
Inspired by the above construction, for a general pair (X , L), π : X → M , we define the
total S-class and the S-classes of L by
S(L) =
m∑
i=0
Si(L), Si(L) = π∗((c1(L))n+i) ∈ H2i(M,Z), 0 ≤ i ≤ m,(4.4)
and the total C-class and the C-classes are defined by
C(L) =
1
S(L)
, C(L) =
m∑
i=0
Ci(L), Ci(L) ∈ H2i(M,Q).(4.5)
By above definition, one has
C0(L) =
1
S0(L)
, C1(L) = − S1(L)
S0(L)2
, C2(L) =
S1(L)
2 − S0(L)S2(L)
S0(L)3
,(4.6)
where S0(L) =
∫
X/M c1(L)
n ∈ N+.
Proposition 4.1.
lim
k→+∞
(n+ 1)!
kn+1
c1(π∗(Lk +KX/M )) = S1(L).(4.7)
18 XUEYUAN WAN, WITH AN APPENDIX BY XU WANG
Proof. For any complex vector bundle E,
ch(E) = rankE + c1 +
1
2
(c21 − 2c2) +
1
6
(c31 − 3c1c2 + c3) + · · ·
and
Td(E) = 1 +
1
2
c1 +
1
12
(c21 + c2) +
1
24
c1c2 + · · · .
So from the Grothendieck-Riemann-Roch Theorem and Kodaira vanishing theorem, one gets
c1(π∗(Lk +KX/M )) = c1(π!(L
k +KX/M ))
=
{
π∗(ch(Lk +KX/M )Td(TX/M ))
}(1,1)
= π∗
(
c1(L)
n+1
(n+ 1)!
)
kn+1 + π∗
(
1
2
c1(L)
n
n!
c1(KX/M )
)
kn +O(kn−1).
(4.8)
Thus we obtain
lim
k→+∞
(n+ 1)!
kn+1
c1(π∗(Lk +KX/M )) = S1(L).(4.9)

4.1. Some inequalities. In this subsection, we assume that there exists a geodesic-Einstein
metric on L and discuss some inequalities in terms of S-class and C-class.
For any smooth metric φ on L, it induces a natural representation of Si(L) by
Si(L, φ) = π∗((c1(L, φ))n+i) =
∫
X/M
(√−1
2π
∂∂¯φ
)n+i
(4.10)
and set S(L, φ) =
∑m
i=0 Si(L, φ). By the relation (4.5), we obtain the representations of C(L),
Ci(L) by
C(L, φ) =
1
S(L, φ)
=
m∑
i=1
Ci(L, φ).(4.11)
We call Si(L, φ) and Ci(L, φ) the S-form and C-form, respectively. If L admits a geodesic-
Einstein metric, then we obtain
Theorem 4.2. If φ is a geodesic-Einstein metric on L, i.e., trωc(φ) = λX ,L, then
S2(L, φ) ∧ ωm−2 ≤ (n + 1)(n + 2)
8π2m2
λ2X ,LS0(L)ω
m,(4.12)
the equality holds if and only if c(φ) =
λX ,L
m ω. In particular,∫
M
S2(L) ∧ [ω]m−2 ≤ (n+ 1)(n + 2)
8π2m2
λ2X ,LS0(L)
∫
M
[ω]m.(4.13)
Proof. By Lemma 1.1, the first Chern class of L is represented by
√−1
2π
∂∂¯φ =
1
2π
c(φ) +
√−1
2π
φij¯δv
i ∧ δv¯j .
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Denote ωF :=
√−1
2π φij¯δv
i ∧ δv¯j and by (4.10), then
S2(L, φ) ∧ ωm−2 = π∗
(√−1
2π
∂∂¯φ
)n+2
∧ ωm−2
=
(n+ 1)(n + 2)
8π2
π∗(c(φ)2ωnF ) ∧ ωm−2
=
(n+ 1)(n + 2)
8π2m(m− 1) π∗
(
((trωc(φ))
2 − |c(φ)|2ω)ωnF
) ∧ ωm
≤ (n+ 1)(n + 2)
8π2m(m− 1) π∗
(
((trωc(φ))
2 − 1
m
(trωc(φ))
2)ωnF
)
∧ ωm
=
(n+ 1)(n + 2)
8π2m2
λ2X ,LS0(L)ω
m,
(4.14)
where the third equality follows from the following formula,
m(m− 1)α ∧ α ∧ ωm−2 = ((trωα)2 − |α|2ω)ωm(4.15)
for any real (1, 1)-form α (see e.g. [30, Lemma 4.7]). The fourth equality in (4.14) holds since
|c(φ)|2ω := c(φ)αβ¯c(φ)γδ¯gαδ¯gγβ¯(4.16)
and |c(φ)|2ω ≥ 1m(trωc(φ))2. Moreover, the equality holds if and only if
c(φ)αβ¯ =
λX ,L
m
gαβ¯,(4.17)
that is, c(φ) =
λX ,L
m ω. By integrating the both sides of (4.12), we conclude (4.13). 
In terms of C-classes, we have the following Kobayashi-Lu¨bke type inequality.
Theorem 4.3. If φ is a geodesic-Einstein metric on L, then
(nC1(L, φ)
2 − 2(n + 1)C0(L)C2(L, φ)) ∧ ωm−2 ≤ 0,(4.18)
the equality holds if and only if c(φ) = 2π(n+1)S0(L)S1(L, φ). In particular,∫
M
(nC1(L)
2 − 2(n+ 1)C0(L)C2(L)) ∧ [ω]m−2 ≤ 0.(4.19)
Proof. By (4.6) and (4.15), one has
C1(L, φ)
2 ∧ ωm−2 = 1
S0(L)4
S1(L, φ)
2 ∧ ωm−2
=
1
S0(L)4
1
m(m− 1)
(
(trωS1(L, φ))
2 − |S1(L, φ)|2ω
)
ωm
=
1
S0(L)4
1
m(m− 1)
(
((n+ 1)λX ,LS0(L))2 − |S1(L, φ)|2ω
)
ωm,
(4.20)
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and
C2(L, φ) ∧ ωm−2 = S1(L, φ)
2 − S0(L)S2(L, φ)
S0(L)3
∧ ωm−2
= S0(L)C1(L, φ)
2 ∧ ωm−2 − 1
S0(L)2
S2(L, φ) ∧ ωm−2
= S0(L)C1(L, φ)
2 ∧ ωm−2 − 1
S0(L)2
(n+ 1)(n+ 2)
8π2m(m− 1) (λ
2
X ,LS0(L)− π∗(|c(φ)|2ωωnF ))ωm.
(4.21)
From (4.20) and (4.21), we have
(nC1(L, φ)
2 − 2(n + 1)C0(L)C2(L, φ)) ∧ ωm−2
=
(
1
S0(L)4
n+ 2
m(m− 1) |S1(L, φ)|
2
ω −
1
S0(L)3
(n+ 2)(n + 1)2
4π2m(m− 1) π∗(|c(φ)|
2
ωω
n
F )
)
ωm
=
1
S0(L)4
(n+ 2)(n+ 1)2
4π2m(m− 1)
(|π∗(c(φ)ωnF )|2ω − S0(L)π∗(|c(φ)|2ωωnF ))ωm.
(4.22)
For any p ∈M and taking the normal coordinate system near p with gαβ¯ = δαβ¯ , then
|π∗(c(φ)ωnF )|2ω − S0(L)π∗(|c(φ)|2ωωnF )
=
∑
α,β
π∗(c(φ)αβ¯ω
n
F )π∗(c(φ)αβ¯ω
n
F )− π∗(ωnF )π∗(
∑
α,β
|c(φ)αβ¯ |2ωnF )
≤
∑
α,β
(
(π∗(|c(φ)αβ¯ |ωnF ))2 − π∗(ωnF )π∗(|c(φ)αβ¯ |2ωnF )
) ≤ 0,
where the last inequality follows from Cauchy-Schwarz inequality. Thus,
(nC1(L, φ)
2 − 2(n + 1)C0(L)C2(L, φ)) ∧ ωm−2 ≤ 0,(4.23)
which proves (4.18). Moreover, the equality holds if and only if (c(φ)αβ) is constant along each
fiber by Cauchy-Schwarz inequality, which is equivalent to
c(φ) =
∫
X/M c(φ)ω
n
F∫
X/M ω
n
F
=
2π
(n+ 1)S0(L)
S1(L, φ).
By taking integrate the both sides of (4.18) over M , we obtain the topological inequality
(4.19). 
Remark 4.4. For the case of holomorphic vector bundle E →M , the geodesic-Einstein metric
is equivalent to Finsler-Einstein metric (see [19, Lemma 3.6]). With the assumption of existence
of Finsler-Einstein metric, Theorem 4.2 and Theorem 4.3 were proved in [18, Theorem 3.7,
3.8]. If h is a Hermitian-Einstein metric on E, then Theorem 4.3 is reduced to the classical
Kobayashi-Lu¨bke inequality [24, Theorem 4.4.7] (see also [33, Chapter 1, (1.8)]), while Theorem
4.2 is exactly the [12, Theorem 1.2].
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4.2. Positivity of classes. In this subsection, we will discuss the positivity of S-classes and
C-classes.
Reacall a smooth (p, p)-form Φ on a complex manifold M is positive if for any y ∈ M and
any linearly independent (1, 0)-type tangent vectors v1, v2, · · · , vp at y, it holds that
(−√−1)p2Φ(v1, v2, · · · , vp, v¯1, v¯2, · · · , v¯p) > 0.(4.24)
Proposition 4.5. If
√−1∂∂¯φ > 0, then the k-th S-form Sk(L, φ) is a positive (k, k)-form for
any 0 ≤ k ≤ m. In particular, the class Sk(L) can be represented by a positive (k, k)-form if L
is ample.
Proof. By Lemma 1.1,
√−1∂∂¯φ > 0 is equivalent to
c(φ) > 0(4.25)
on horizontal directions. For any (z0, v0) ∈ X , there exists a basis {ψ1, · · · , ψn} such that
c(φ) =
√−1
n∑
α=1
ψα ∧ ψ¯α,(4.26)
and so for k ≥ 1,
(−√−1)k2c(φ)k = k!
∑
1≤α1<···<αk≤n
ψα1 ∧ · · · ∧ ψαk ∧ ψ¯α1 ∧ · · · ∧ ψ¯αk .(4.27)
Hence for any independent horizontal vectors X1, · · · ,Xk at (z0, v0), one has
(−√−1)k2c(φ)k(X1, · · · ,Xk,X1, · · · ,Xk)
= k!
∑
1≤α1<···<αk≤n
ψα1 ∧ · · · ∧ ψαk ∧ ψ¯α1 ∧ · · · ∧ ψ¯αk(X1, · · · ,Xk,X1, · · · ,Xk)
= k!
∑
1≤α1<···<αk≤n
|ψα1 ∧ · · · ∧ ψαk(X1, · · · ,Xk)|2 > 0.
(4.28)
On the other hand, by Lemma 1.1, by (4.28), one has
Sk(L, φ) =
∫
X/M
(
√−1∂∂¯φ)n+k = 1
(2π)k
(
n+ k
k
)∫
X/M
c(φ)kωnF .(4.29)
For any z0 ∈ M and any linearly independent (1, 0)-type tangent vectors Y1, · · · , Yk in Tz0M ,
one has
(−√−1)k2Sk(L, φ)(Y1, · · · , Yk, Y¯1, · · · , Y¯k)
=
1
(2π)k
(
n+ k
k
)∫
Xz0
(−√−1)k2c(φ)k(Y h1 , · · · , Y hk , Y h1 , · · · , Y hk )ωnF > 0,
where Y h denote the horizontal lifting along the fibre P (Ez0) of a vector Y ∈ Tz0M . Thus we
conclude Sk(L, φ) is a positive (k, k)-form. Since [Sk(L, φ)] = Sk(L), so the class Sk(L) can be
represented by a positive (k, k)-form if L is ample. 
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Corollary 4.6. Let M be a compact complex surface and L be an ample line bundle over X ,
π : X →M . If moreover, L admits a geodesic-Einstein metric, then∫
M
C2(L) > 0.
Proof. By Theorem 4.3, (4.6) and noting dimM = 2, then∫
M
C2(L) ≥
∫
M
nC1(L)
2
2(n + 1)C0(L)
=
n
2(n + 1)S0(L)3
∫
M
S1(L)
2 > 0,
(4.30)
where the last inequality follows from Theorem 4.5. 
Remark 4.7. In terms of complex Finsler vector bundles, Theorem 4.5 was proved in [18, The-
orem 2.8] with the assumption of positive or negative Kobayashi curvature. On the other hand,
if one considers an ample vector bundle E, which is equivalent to the pair (P (E∗),OP (E∗)(1))
with positive line bundle OP (E∗)(1), by [9, Theorem 2.5], one has
∫
M cm(E) > 0. Since the
C-classes Ci(L) can be viewed as a generalization of Chern classes of a holomorphic vector
bundle, so it is natural to ask whether (−1)m ∫M Cm(L) > 0 if L is ample.
5. Some examples
In this section, we will discuss some examples on the geodesic-Einstein metrics.
Example 5.1 (Product manifolds). Let X and M be two compact complex manifolds and
consider the holomorphic fibration π1 :M ×X →M . For any line bundle L1 over M and any
ample line bundle L2 over X, then the line bundle L := π
∗
1L1 + π
∗
2L2 over X ×M admits a
geodesic-Einstein metric with respect to any given Ka¨hler metric ω onM , where π2 :M×X →
X. In fact, for any Ka¨hler metric ω on M , we take a Hermitian-Einstein metric ϕ1 on L1, i.e.
trω(
√−1∂∂¯ϕ1) = constant, and take a metric ϕ2 on L2 such that
√−1∂∂¯ϕ2 > 0. Therefore,
ϕ = π∗1ϕ1 + π
∗ϕ2 is a metric on L and its curvature is ∂∂¯ϕ = π∗1∂∂¯ϕ1 + π
∗
2∂∂¯ϕ2. So L is a
relative ample line bundle and
trωc(φ) = trω(
√−1∂∂¯ϕ1) = constant.
Example 5.2 (Ruled manifolds). An algebraic manifold X is said to be a ruled manifold if
X is a holomorphic Pr-bundle with structure group PGL(r + 1,C) = GL(r + 1,C)/C∗ (see
e.g. [1, Section 4.2]). By [1, Proposition 4.3], every ruled manifold X over a compact Riemann
surfaceM is holomorphically isomorphic to P (E) for some holomorphic vector bundle E →M
of rank(E) = r + 1. Such a bundle E is uniquely determined up to tensor product with a
holomorphic line bundle. Since Pic(P (E)) = Pic(M) ⊕ ZOP (E)(1), so any line bundle L over
P (E) is the form L := π∗L1+kOP (E)(1) for some line bundle L1 over M and k ∈ Z. Moreover,
L is relative ample if and only if k > 0. If there exists a Hermitian-Einstein metric on E, then
L can admit a geodesic-Einstein metric. In fact, by a direct calculate, any Hermitian-Einstein
metric on E induces a natural geodesic-Einstein metric on OP (E)(1), so is kOP (E)(1). Similar
as Example 5.1, the geodesic-Einstein metric on kOP (E)(1) and the Hermitian-Einstein metric
on L1 give a geodesic-Einstein metric on L.
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Example 5.3 (Geodesic curve). From Definition 1.2, one can allow M is a non-compact
manifold. Now we assume that M is a Riemann surface with boundary and X = X ×M for
some compact complex manifold X, the line bundle L→ X is taken to be the pullback of some
ample line bundle over X. Then trωc(φ) = 0 is equivalent to c(φ) = 0, which is also equivalent
to (
√−1∂∂¯φ)n+1 = 0 (see [16, 31]). As seen in [11, Section 2.3] or [26, Section 3], one can
define a Riemannian metric on the space of Ka¨hler ptentials in a fixed Ka¨hler class, which is
a infinite dimensional manifold and equipped a L2-norm, then its geodesic equation is exactly
the equation c(φ) = 0. By [11, Theorem 3], the following equation{
(
√−1∂∂¯φ)n+1 = 0 in X
φ = φ0 in ∂X
has a C1,1-solution for any metric φ0 in F
+(L|∂X ).
Example 5.4 (Complex quotient equation). From (2.16), the geodesic-Einstein equation
trωc(φ) = λ is equivalent to
cωm ∧ (√−1∂∂¯φ)n = ωm−1 ∧ (√−1∂∂¯φ)n+1,(5.1)
where c = λ(n+1)m . If moreover, we assume that L is an ample line bundle, and one may consider
a geodesic-Einstein metric φ with positive curvature, i.e. trωc(φ) = λ and
√−1∂∂¯φ > 0. Let
φ0 be a metric on L with
√−1∂∂¯φ0 > 0, then ωǫ = ω + ǫ
√−1∂∂¯φ0 is a Ka¨hler metric on X .
For any ǫ > 0, we consider the following equation
cǫω
m
ǫ ∧ (
√−1∂∂¯φ)n = ωm−1ǫ ∧ (
√−1∂∂¯φ)n+1,(5.2)
where cǫ =
∫
X ω
m−1
ǫ ∧ (
√−1∂∂¯φ)n+1/ ∫X ωmǫ ∧ (√−1∂∂¯φ)n. The above equation is studied in
[28, 32] by using the following parabolic flow
∂u
∂t
= log
ωmǫ ∧ (
√−1∂∂¯φ)n
ωm−1ǫ ∧ (
√−1∂∂¯φ)n+1 + log cǫ.(5.3)
From [32, Theorem 1.2] or [28, Corollary 7], if there is a C-subsolution to (5.3) (see [32, Defnition
1.1]), then there exists a long time solution u to (5.3). Moreover, the normalization uˆ (see [32,
(2.34)]) of u is C∞ convergent to a smooth solution uˆ∞. Thus
√−1∂∂¯φ = √−1∂∂¯(φ0 + uˆ∞)
solves (5.2). In particular, if M is a Riemann suraface, then (5.2) becomes
cǫωǫ ∧ (
√−1∂∂¯φ)n = (√−1∂∂¯φ)n+1,(5.4)
which is the Euler equation of J-functional (see [17]). From [29, Theorem 1.1], there exists a
solution to (5.4) if and only if there exists a metric
√−1∂∂¯φ′ > 0 such that
((n+ 1)
√−1∂∂¯φ′ − ncǫωǫ) ∧ (
√−1∂∂¯φ′)n−1 > 0.(5.5)
Comparing with the equation (5.2) and (5.4), the metric ω in geodesic-Einstein equation (5.1)
is degenerate along the fibers of X . Thus, in order to solve the geodesic-Einstein equation
(5.1), one may consider the limites of the solutions of (5.2), (5.4) as ǫ→ 0.
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Example 5.5 (Calabi-Yau family). From (5.1), one can define a geodesic-Einstein metric for
any holomorphic line bundle (need not relative ample). More precisely, for any line bundle L
over X , a smooth metric φ on L is called geodesic-Einstein if
cωm ∧ (√−1∂∂¯φ)n = ωm−1 ∧ (√−1∂∂¯φ)n+1(5.6)
for some constant c.
Following [7], let π : X → M be a holomorphic, polarized family of Calabi-Yau manifolds
Xs = π−1(s), s ∈M , i.e. compact manifolds with c1(Xs) = 0, equipped with Ricci flat Ka¨hler
forms ωXs . The relative volume form ωnX/M = gdV induces a hermitian metric g
−1 on the
relative canonical bundle KX/M . By [7, Formula (1)], one has
2πc1(KX/M , g
−1) =
√−1∂∂¯ log g = 1
VolXsπ
∗ωWP .(5.7)
Now we take L = KX/M , φ = log g and for any Ka¨hler metric ω on M . By (5.7), one easily
sees that the metric φ satisfies the equation (5.6), i.e., φ is a geodesic-Einstein metric on L.
6. Appendix: Hermitian-Einstein metrics on quasi-vector bundles (By Xu Wang)
In this section, we will prove that the geodesic-Einstein metric is equivalent to a Hermitian-
Einstein metric on a quasi-vector bundle. For more details on quasi-vector bundle, one can
refer to [6, 38].
Following [6, 38], we shall use the following setup:
(1) π : X → B is a proper holomorphic submersion from a complex manifold X to another
complex manifold B, each fiber Xt := π
−1(t) is an n-dimensional compact complex
manifold;
(2) E is a holomorphic vector bundle over X , Et := E|Xt ;
(3) ω is a d-closed (1, 1)-form on X and is positive on each fiber, ωt := ω|Xt ;
(4) hE is a smooth Hermitian metric on E, hEt := hE |Et .
Definition 6.1 ([6]). Let V := {Vt}t∈B be a family of C-vector spaces over B. Let Γ be a
C∞(B)-submodule of the space of all sections of V . We call Γ a smooth quasi-vector bundle
structure on V if each vector of the fiber Vt extends to a section in Γ locally near t.
For each t ∈ B, let us denote by Ap,q(Et) the space of smooth Et-valued (p, q)-forms on Xt.
Consider
Ap,q := {Ap,q(Et)}t∈B ,
and denote by Ap,q(E) the space of smooth E-valued (p, q)-forms on X . Let us define
Γp,q := {u : t 7→ ut ∈ Ap,q(Et) : ∃u ∈ Ap,q(E),u|Xt = ut,∀t ∈ B}.
We call u above a smoooth representative of u ∈ Γp,q, each Γp,q defines a quasi-vector bundle
structure on Ap,q. Denote
(A,Γ) := ⊕2nk=0(Ak,Γk), (Ak,Γk) := ⊕p+q=k(Ap,q,Γp,q).
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Definition 6.2. The Lie-derivative connection, say ∇A, on (A,Γ) is defined as follows:
∇Au :=
∑
dtj ⊗ [dE , δVj ]u+
∑
dt
j ⊗ [dE , δV¯j ]u, u ∈ Γ,
where dE := ∂¯+ ∂E denotes the Chern connection on (E, hE) and each Vj is the horizontal lift
of ∂/∂tj with respect to ω.
Let DA denote the connection on each (V p,q,Γp,q) induced by ∇A,
DAu : =
∑
dtj ⊗ [∂E , δVj ]u+
∑
dt
j ⊗ [∂, δV j ]u, u ∈ Γp,q
= ∇A −
(∑
dtj ⊗ κj +
∑
dt¯j ⊗ κj¯
)
,
(6.1)
where the non-cohomological Kodaira-Spencer actions (see [38, Definition 5.6])
κju := [∂¯, δVj ]u, κj¯u := [∂
E , δV j ]u.
Then DA defines a Chern connection on each (Ap,q,Γp,q) (see e.g. [38, Theorem 5.6]). The
curvature of the Chern connection DA is given by
(DA)2 = (∇A)2 −
∑
[κj , κk¯]dt
j ∧ dt¯k,(6.2)
see [38, (5.2)]. Here the curvature of Lie-derivative connection is
(∇A)2 =
∑
[[dE , δVj ], [d
E , δV¯k ]]dt
j ∧ dt¯k.(6.3)
The L2-metric on each Ap,q is defined by
(u, v) =
∫
Xt
〈u, v〉ω
n
n!
.(6.4)
Here 〈·, ·〉 denotes the point-wise inner on Ap,q with respect to ω|Xt and hEt .
Definition 6.3. The L2-metric (6.4) on Ap,q is called Hermitian-Einstein with respect to a
Hermitian metric ωB =
√−1gij¯dti ∧ dt¯j if
ΛωB (D
A)2 = λId(6.5)
for some constant λ.
Now we take p = q = 0 and E is the trivial bundle. Let L be a relative ample line bundle
over X , i.e. there exists a metric φ on L such that its curvature ω := √−1∂∂¯φ is positive along
each fiber. The L2-metric (6.4) on A0,0 is
(u, v) =
∫
Xt
uv¯
ωn
n!
.(6.6)
We call a metric φ on L is weak geodesic-Einstein with respect to ωB if trωBc(φ) = π
∗f(z) for
some function on B.
Proposition 6.4. φ is a weak geodesic-Einstein metric on L if and only if the metric L2-metric
(6.6) is a Hermitian-Einstein metric on A0,0.
26 XUEYUAN WAN, WITH AN APPENDIX BY XU WANG
Proof. By (6.2) and noting that p = q = 0, E is trivial, one has
(DA)2u = (∇A)2u =
∑
[[dE , δVj ], [d
E , δV¯k ]]dt
j ∧ dt¯k
=
∑
[Vj , Vk¯]udt
j ∧ dt¯k
(6.7)
for any u ∈ A0,0. By [39, Lemma 6.1], we have
[Vj , Vk¯] = (c(φ)jk¯)λ¯φ
λ¯ν ∂
∂vν
− (c(φ)jk¯)νφλ¯ν
∂
∂v¯λ
,
where c(φ)jk¯ = 〈Vj , Vk〉ω is the coefficient of geodesic curvature c(φ). Let ωB =
√−1gij¯dti∧dt¯j
be a Hermitian metric on B, then
ΛωB (D
A)2u = (gjk¯c(φ)jk¯)λ¯φ
λ¯ν ∂
∂vν
u− (gik¯c(φ)jk¯)νφλ¯ν
∂
∂v¯λ
u
= (trωBc(φ))λ¯φ
λ¯ν ∂
∂vν
u− ((trωBc(φ))νφλ¯ν
∂
∂v¯λ
u.
(6.8)
Thus, for any u ∈ A0,0, ΛωB (DA)2u = λu if and only if λ = 0 and trωBc(φ) = π∗f(t) for some
function f(z) on B, which completes the proof. 
Now we assume that B is compact, then for any smooth function f , there is a smooth
solution f˜ solves
∆f˜ + f(t) =
∫
B
f(t)
ωmB
m!
(6.9)
where ∆ := gij¯∂i∂j¯ and m = dimB. Denote φ˜ = φ+ f˜ . If trωBc(φ) = π
∗f(z), then
trωBc(φ˜) = ∆f˜ + f(z) =
∫
B
f(t)
ωmB
m!
,(6.10)
which implies that φ˜ is a geodesic-Einstein metric on L. Combining with Proposition 6.4, we
have
Corollary 6.5. If B is compact, then up to a smooth function on B, φ is a geodesic-Einstein
metric on L if and only if the metric L2-metric (6.6) is a Hermitian-Einstein metric on A0,0.
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